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The finitistic global dimensions lfPD(R),lFPD (R) , and IFID(R) are defined for a ring R. We obtain the following results for R semiprimary with Jacobson radical N. C is a simple left j?-module and I. dim R C < oo, and suppose that I. άim R W-'IN* < oo for ^3. Then m ^ lfPD(R) = IFPD(R) ^ (m+1). Theorem 2: Suppose that I. inj. dim* P Î . inj. dim R R/N 2 < oo for every projective (jβ/iSΓ 2 )-module P and that Z. inj. dim* N^N* < oo for i ^ 3. Then IFID(R) = I. mj. dim R R < oo. The method of proof uses a result of Eilenberg and a result of Bass on direct limits of modules together with the lemma: If M is a left ϋJ-module such that N k~ι M Φ 0 and N k M= 0, then every simple direct summand of N^1 is isomorphic to a direct summand of N k~1 /N k .
1* We begin by discussing some further properties of perfect and leftjperfect rings. The rest of the paper is devoted to giving sufficient conditions for finiteness and equality of certain finitistic global dimensions for a semi-primary ring.
Let R be a ring (with identity). By an .R-module we shall always mean a left unitary module over R. In ( [7] ) and ([10] ), Eilenberg and Nakayama define what they called minimal epimorphisms. Bass ([1] ) altered this definition to call minimal epimorphisms protective covers. Eilenberg ([7) ] studied the dimension theory for modules having minimal epimorphisms and said that a category of modules is perfect if every member of the category has a protective cover. Thus Bass ([1] ) called a ring R for which every iϋ-module has a protective cover a left perfect ring. There are two special types of left perfect rings about which we are particularly interested. One is the semi-primary ring R where the Jacobson radical (/-radical) N is nilpotent and R/N is semi-simple with minimum condition (semi-simple), and the other is a ring with minimum condition on left ideals (left Artinian ring).
We define the following finitistic global dimensions for R, using the definitions and notation of ( [1] ) and ( [3] ). IFPD(R) = sup I. dim^M for all i?-modules of finite projective dimension, lfPD(R) = sup I. dim B M for all finitely generated (f .g.) iϋ-modules of finite projective dimension, IFWD(R) = sup w.l. dirnβ M for all ϋί-modules of finite weak dimension, lFID(R) = swp I. inj. dim^Mfor all iϋ-modules of finite injective dimension.
In § 2 we discuss some further properties of left perfect and perfect rings.
In § 3 we give a partial answer to the following questions of Rosenberg and Zelinsky.
(1) Does lfPD(R) = lFPD{R) e l (2) Is lfPD(R) finite? We prove that if R is a semi-primary ring with J-radical N such that N { /N i+1 has finite protective dimension for i ^ 2, then m ^ lfPD(R) = IFPD(R) 5g (m + 1) where m = sup {L dim^ C: C is a simple iϋ-module of finite protective dimension}.
In § 4 we prove in a manner similar to § 3 that if R is a left Artinian ring with J-radical N such that N*/N i+1 has finite injective dimension for i Ξ> 2 and 22 has finite self-injective dimension, then IFID(R) -I. inj. dim^i?. We also show that if R is a ring such that the direct product of projectives is protective, if the J-radical N of R has the property that N^/N** 1 has finite injective dimension for i ^ 2, and if i? has finite self-injective dimension, then IFID(R) = I. inj. dim^i?. We conclude by giving examples for the above theorems.
This paper is essentially the first half of the author's dissertation at the University of Washington, Seattle, and was written during his tenure as a National Science Foundation Cooperative Graduate Fellow. The author wishes to express his gratitude to Professor James P. Jans for his advice and encouragement during the preparation of the dissertation.
2 Left perfect rings* Eilenberg ( [7] ) and Bass ([1] ) introduced the following concepts. T-nilpotent if given any sequence {αj of elements in N, we can find an n such that α x α 2 a n = 0 (a n α^ = 0). In [7] Eilenberg generalized the concept of semi-primary ring, and generalized a number of theorems of M. Auslander. We state two of them here in a slightly more restricted situation. PROPOSITION 2.4 ([7, Theorem 11, p. 333] ). Let R be a left perfect ring with J-radical N. If A is an i2-module ? then the following are equivalent.
( 1 (
^ n where we treat R/N as a right iϊ-module.
REMARKS. From Proposition 2.4 it is clear that for a left perfect ring
By interchanging the I and the r in Proposition 2.5, we see that
The following proposition asserts that the simple modules of a right perfect ring serve as test modules for determining injective dimensions of modules. PROPOSITION 2.6. Let R be a right perfect ring with /-radical N. If A is an JS-module, then the following statements are equivalent.
(a) Ext£ +1 (C, A) = 0 for all simple Λ-modules C.
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Proof, (a) <=> (b) and (c) => (a) are obvious. We shall show that (a)=> (c) It is well known ( [6] ) that we can embed any i?-module in an injective i?-module. Thus it is possible to form the exact R-sequence:
-modules M where we use the exact sequences 
S -®ΣCi is the direct sum of simple /^-modules. It is well-known
Exti (S, Q n ) = 0 implies that we can extend / (and g 0 ) to L x , contradicting the maximality of L Q . Q n is therefore injective.
COROLLARY 2.7. If R is a right perfect ring with J-radical N, then I. gl. dim R = I. dim^ ΛJ/iV ^ r. gl. dim i?.
Proof. Since L gl. dim R is the supremum of injective dimensions of all the iϋ-modules and since I. gl. dim R ^ I. dim R R, it follows from Proposition 2.6 that Z. gl. dim R~ I. dim ^β. The second part is essentially contained in a theorem proved by Eilenberg ([7, Theorem 12, p. 334] ).
In [4] Chase proved some necessary and sufficient conditions that direct products of protective modules be protective. A module A of a ring R is called finitely related if there exists an exact sequence 0-> K-^F->A->0of i2-modules where F is free and both F and K are f.g. PROPOSITION 2.8 ([4, Theorem 3.3, p. 467] ). For any ring R the following statements are equivalent.
(1) The direct product of any family of protective iϋ-modules is protective.
(2) i? is left perfect and finitely generated right ideals of R are finitely related.
Let R be a ring satisfying (1) and (2) in Proposition 2.8. Let QΣR a (ae X) be a direct sum of copies of R as an iϋ-module. Considering the exact sequence
we note that (ΠR a )/(@ ΣR a ) is the direct limit of protective i?-modules and is therefore projective. The sequence splits, and φ ΣR a is embedded as a direct summand of ΠR a .
PROPOSITION 2.9: Let R be a ring satisfying (1) and (2) of Proposition 2.8. If P is projective, then L inj. dim β P g I. inj. dim^ R.
Proof
If P is projective, then P is a direct summand of a direct product ΠR a copies of R. It then follows by an exercise in C and E ( [3, Chapter VI, Exercise 7, p. 123 
According to theorem of Bass ([2, Theorem 1.1, p. 19]) R is left Noetherian if and only if the direct sum of injective i?-modules is injective. Let {Q { : ie 1} be a collection of injective i2-modules. For each ie I, we consider an exact sequence 0 -> K { -> P { -* Q { --> 0 where P 4 is projective and thus injective. Since I. inj. dim^ K i is finite, K t is injective, and the sequence splits. Thus Q t is also projective, and e I) is a projective iϋ-module and hence an injective i2-module.
Sufficient conditions that lfPD(R) = IFPD(R)
< co φ In this section we attempt to give relatively simple sufficient homological conditions to answer questions (1) and (2) of Rosenberg and Zelinsky (appearing in the introduction) in the affirmative. We have the following theorem. THEOREM 
Let R be a semi-primary ring with J-radical N. If I. dim,, (N'-W) < -for r ^ 3, then m ^ lfPD(R) = IFPD(R) ( m + 1) where m -max {L dim^ C : C is a simple R-module of finite projective dimension}.
Before we begin the proof of 3.1 we need a preliminary lemma. as an iϋ-module), and K S (N/N 2 )P ( [7, p. 330] ). iΓ= φlCJαe/) is a direct sum of simple iϋ-modules •C a , and I. dim B K< oo. Again applying an exercise in C and £7 ([3, Chapter VI, Exercise 7, p. 123]), we see that I. dim^ C a < oo for all αel. Therefore Z. dim^iί^ m. Using the exact sequence in Ext for the exact sequences 0 -
.
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Lastly we assert that M/N 2 M is the direct limit of f.g. iϋ-modules of finite projective dimension. Let P -@ΣP a (ae Γ) be a direct decomposition of P into f.g. projective (i?/iV 2 )-modules (each of projective dimension ^ m + 1). This fact follows from a result of Eilenberg ([7, Proposition 3, p. 330] (1) and (2) of Proposition 2.8 and 1. inj. dim^ R/N 2 = n < °°. In the first case we apply the well-known fact ([2, Theorem 1.1, p. 19] ) that the direct sum of modules of injective dimension ^ n has injective dimension gL n for Noetherian rings. Thus P a direct summand of a free .B-module implies that the injective dimension of P is less than or equal to the injective dimension of R.
In the second case we use the remarks prior to Proposition 2.9 together with an exercise in C and E ( [3, Chapter VI, Exercise 7, p. 123] ) to find that free iϋ-modules and therefore projective iϋ-modules have injective dimension less than or equal to the injective dimension of R. 5* Examples* In this section we give examples which satisfy Theorems 3.1 and 4.1 respectively. The construction is essentially that given by Chase in [5] .
Let R r and R" be rings and X a left R'-, right i2"-bimodule. We form the ring R consisting of matrices (α', x, 0, z") where a! e R\ x e X, and α" e R". Addition is componentwise and multiplication is given by the equation
Chase proved the following proposition. PROPOSITION 3.7 ([5, Lemma 4.1, p. 17] ). Let R be as above, and suppose further that R f is semi-primary (respectively Artinian) with radical N r and R" is semi-simple (with minimum conditions). Then R is semi-primary (respectively Artinian) with radical N consisting of the matrices (a ', x, 0, 0) where o! e N r and xe X. Moreover gl. dim R = max (gl. dim R\ 1 + L dim^ X).
If G is the finite group of order 2 and K is a field of characteristic 2, then K(G), the group algebra, is a quasi-Frobenius algebra with nonzero radical N(G) such that N(G) 2 = 0 ( [9, p. 7] ). Eilenberg et al. ([8, Proposition 15, p. 94 
